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Abstract. Let A, B be Banach 2l-modules with compatible actions and M 
be a left Banach ,4-21-module and a right Banach £?-2l-module. In the cur- 
rent paper, we study module amenability, n-weak module amenability and 

A M 



module Arens regularity of the triangular Banach algebra T - 



B 



£ 2l|-modulc). We employ these results 



to 



(as an X : = 

prove that for an inverse semigroup S with subsemigroup E of idempo- 

^(S) fifS) 

tents, the triangular Banach algebra To ~ 



ens) 



l\E) 



l\E) 



is pcrma- 



-module). 



nently weakly module amenable (as an Xo 

As an example, we show that 7o is Xo-module Arens regular if and only if 
the maximal group homomorphic image Gg of S is finite. 



1. Introduction 

The concept of module amenability for Banach algebras was initiated by 
Amini in [T]. The fundamental result was that the semigroup algebra ^(S) 
is module amenable as a Banach module on ^(E) if and only if S is amenable, 
where S is an inverse semigroup with subsemigroup E of idempotcnts. In fact 
he showed that Johnson's theorem [15] (for groups) holds for discrete inverse 
semigroups if the relevant module structure is taken into account. Amini and 
Bagha in [3] introduced the concept of weak amenability for Banach algebras 
showed that ^(S) is weakly I 1 (£')-module amenable when S is a commutative 
inverse semigroup with the set of idempotents E (indeed this is true for inverse 
semigroups whose idempotents are central). Bodaghi et al. in [S] and [5] ex- 
tended this result and showed that ^(S) is n- weakly module amenable as an 
^(E^-module (with trivial left action) when n is odd. 
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Pourabbas and Nasrabadi investigated weak module amenability of a class 
of Banach algebras, called triangular Banach algebras in [18]. They consid- 
ered the case where A, B are unital Banach algebras (with 2t-module structure) 
and A4 is a unital Banach A, S-module and showed that the corresponding tri- 

" A M ~ 
B 



angular Banach algebra T = 



is weakly module amenable (as an 



G 2l|-module) if and only if both A and B are weakly 

module amenable (as 2l-modules). This can be regarded as the module version 
of a result of Forrest and Marcoux [T21 Corollary 3.5] (the case that A or B 
has a bounded approximate identity and M. is essential was later proved by 
Medghalchi et al. in [16 ). Also, they generalized this result to the case of 
(2n — l)-weak module amenability for n > 1 in [121 theorem 3.7]. 

The concept of Arens module regularity is introduced in [22] and modified in 
19J. It is shown that A = ( 1 {S) is module Arens regular (as an i 1 (i5)-module) 
if and only if the group homomorphic image Gg of S is finite (see also [2"U]1. 

The motivation of writing this paper is Example [1] which shows that for the 
commutative inverse semigroup S with subsemigroup E of idempotents, the 
" l l {S) i x {S) ' 



Banach algebra 7o 



To 



l\S) 

a G ^{E) | -module) when n G N 



is n-weakly module amenable (as an 



that module Arens regularity of T - 



is equivalent to that A and B 



The paper is organized as follows: Section 2 is devoted to the study of module 
amenability of triangular Banach algebras. The main result of section 3 asserts 

" A M ' 
B 

are both module Arens regular and both act module regularly onM. In section 
4, we generalize some results of [12] and [16], and we show that the triangular 
Banach algebra T is (2n — l)-weakly module amenable (as an T-bimodule) if and 
only if A and B are (2n— l)-weakly module amenable (as Banach 2l-bimodules) . 
In section 5, we prove that if A and B are (2n)-weakly module amenable, then 
the first module cohomology group of T with coefficients in T 1 -- 271 ^ is a quotient of 
a special set of module homomorphism from M. to M.^ 21 ^ . In section 6, we show 
that for a commutative inverse semigroup S with the set of idempotents E, the 
semigroup algebra ^ 1 (S') is n- weakly module amenable as an ^ 1 (i?)-module for 



all rgN. As a corollary, we show that % = 

(HE) 



is permanently 



t\S) 

-module). Finally, we 
show that7o is module Arens regular if and only if Gs = S/ w is finite, where 



weakly module amenable (as an To = 



HE) 
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s ps t whenever S s — St belongs to the closed linear span of the set {8 se t — S s t ■ 
s,teS,e€ E}. 

2. Module amenability 

Let A and 21 be Banach algebras such that A is a Banach 2l-bimodule with 
compatible actions, that is 

a ■ (ab) = (a ■ a)b, (ab) ■ a — a(b ■ a) (2-1) 

for all a, b € A, a € 21. Let X be a Banach .A-bimodule and a Banach 2l-bimodule 
with compatible actions, that is 

a ■ (a ■ x) — (a • a) ■ x, (a • x) ■ a — a ■ (x ■ a) (2-2) 
x ■ (a ■ a) — (x ■ a) ■ a, (a ■ x) ■ a = a ■ (x ■ a) (2-3) 
a ■ (a ■ x) = (a ■ a) ■ x, x ■ (a ■ a) — (x ■ a) ■ a (2-4) 
for all a £ A, a £ 21, x G X. Then we say that X is a Banach .4-21- module. If 

a ■ x — x ■ a (a £ 21, x € X) 
then X is called a commutative ,4-21-module. Moreover, if 

a.x = x.a (a G A, x G X), 

then X is called a bi- commutative Banach ,4-21-modulc. 

If X is a commutative Banach ,4-21-module, then so is X*, where the actions 
of A and 21 on X* are defined as usual: 

(/ -a,x) = (/, a-x), (f ■ a,x) = (/, a • x), 

(a ■ f, x) = (/, x ■ a), (a • f,x) = (f,x-a) (a G A, a e 21, x G X, f e X*). 

Note that when A acts on itself by algebra multiplication, it is not in general 
a Banach ,4-21-module, as we have not assumed the compatibility condition 

a ■ (a ■ b) = (a ■ a) ■ b (a G 21, a, b G A). 

If A is a commutative 21- module and acts on itself by multiplication from both 
sides, then it is also a Banach „4-2l-module. Also, if A is a commutative Banach 
algebra, then it is a bi-commutative „4-2l-module. In these cases, A (n \ nth dual 
space of A is also a commutative or bi-commutative .A-21-module, respectively. 

Let A and B be Banach 2t-modules with compatible actions (|2.1[) . Then a 
left 2i-module map is a mapping T : A — > B with T{a ± b) = T(a) ± T(b) and 
T(a ■ x) — a ■ T{x) for a € A,b € B, and a G 21. A right or two-sided 2l-modulc 
map is defined similarly. 

Let A and 21 be as above and X be a Banach .4-21- module. A ('Ql-)module 
derivation is a bounded 2l-module map D : A — > X satisfying 

D(ab) = D(a) ■ b + a- D(b) (a,b G A). 
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One should note that D is not necessarily linear, but its boundedness (defined 
as the existence of M > such that ||£)(a)|| < M||a||, for all a e A) still implies 
its continuity, as it preserves subtraction. When X is commutative, each x e X 
defines a module derivation 

D x {a) = a ■ x — x ■ a (a E A). 

These are called inner 2l-module derivations. 

We use notations Z^(A,X) and Af%(A, X) for the set of all module deriva- 
tions and inner derivations from A to X, respectively. Also the quotient space 
Z^(A, X)/M^(A, X) (which we call the first 2l-module cohomology group of A 
with coefficients in X) is denoted by TL^(A, X). A Banach algebra A is module 
amenable if H^A, X*) = {0}, for each commutative Banach .A-21-module X 
&■ 

It is proved in [I] Proposition 2.5] that the homomorphic image of a module 
amenable Banach algebra under a continuous homomorphism with dense range 
is also a module amenable Banach algebra. This fact leads to the following 
result. 

Lemma 2.1. Let A be a Banach %l-module and I be a closed ideal in A. Then 
module amenability of A implies module amenability of A/X. 

Proposition 2.1. Let A be a Banach Ql-module, I be a closed ideal and 21- 
submodule of A. Lfl and A/X are module amenable, then so is A. 

Proof. Assume that X be a commutative Banach „4-2l-module with compatible 
actions and D : A — > X* be a bounded module derivation. Since X is module 
amenable, there exists f\ S X* such that D \x= Df x - Thus, the map D = 
D — Df t vanishes on X. This map induces a module derivation from A/I into 
X*, which we again denote by D. Let Y be the closed linear span of 

{a • x — y ■ b | a, b £ X, x, y € X}, 

in X. It follows immediately that Y is a closed ^-submodule and 2l-submodule 
of X, and so X/Y is a Banach A/X-'Qi- module with compatible actions. Since 
D \x= {0} L we have a ■ D(b) = D{ab\- D(a) ■ b = for all a e X and b e A. 
Similarly, D(b) ■ a = 0. This implies D(A/X) C Y 1 - = (X/Y)*. Due to module 
amenability of A/X, there is f% G Y 1 - C X* such that D = Df 2 . Consequently, 
D = D h+h . ' □ 

Proposition 2.2. Let A and B be Banach %-modules. Then A®£i B, I 1 -direct 
sum of A and B is module amenable if and only if A and B are module amenable. 

Proof. Let A and B be module amenable. Since B, the closed ideal of A ®fi B 
and the quotient algebra (A ffi^i B)/B = A are module amenable, A ®ii B is 
module amenable by Proposition ^. II 
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Conversely, assume that A(Bp B is module amenable. Thus (A(Bp B)/A = B 
and (.4 (Bp B)/B = A are module amenable by Lemma |2~T1 □ 



Let A and 21 be Banach 2l-bimodules with compatible actions (|2.1I) and Ai be 
a Banach „4-bimodule and a Banach 21-bimodule with compatible actions (|2.2p 
and (|2~3| . 

Let Jm be a subspace of Ai generated by elements of the form a-(a-x) — (a-a)-x 
and x ■ (a ■ a) — (x ■ a) ■ a for a G 21, a 6 „4 and a; G .M. One can see from (|2.2[) 
and (|2.3p that J» is an .4-submodule and 2t-submodulc of Ai. Note that the 
equalities f|2.4|) do not necessarily hold for .M. When .M = A, Ja is in fact 
the closed ideal of A generated by elements of the form (a ■ a)b — a(a ■ 6) for 
a G 21, a, 6 G 4 (see [5], [5] and [TO]), 
a m 



Let T = { 



a G A, b G 23, to G .m| be triangular Banach algebra 



equipped with the usual 2x2 matrix addition and formal multiplication. The 
norm on T is || ° L || = ||a||. 



\b\\s + \\™\\m- Now ; let A, B and 



be Banach 2l-bimodules, and let M. be a Banach 4, Z?-module (left y^-module 
and right S-module). Similar to [18] . we consider the Banach algebra % := 



a G 21 j. Then, the Banach algebra T 



A 



M 
B 



with usual 



2x2 matrix product is a T-bimodule. In fact, That is isomorphic to A®pM.(BpB 
as a Banach space and a Banach 21-bimodule. The following result is a module 
version of [HI Theorem 4.2] and the proof is similar. However, we bring its 
proof. 



Theorem 2.3. Let A,B be Banach %-modules and M. be commutative Banach 
^-module. The triangular Banach algebra T is module amenable (as an T- 
bimodule) if and only if A and B are module amenable (as Banach %-bimodules) 
and M = 0. 



Proof. First note that when T is T-bimodule it means that A (Bp M. (Bp B is 
21-bimodule with the usual actions. Now, let A and B are module amenable and 
A 



M = 0. Then T = 



B 



is module amenable by Proposition 12.2 



Conversely, assume that T is T-module amenable. The Banach algebras 



A M 




and 



M 
B 



are closed ideals of 7", and thus A and B are 21- 

modulc amenable by Lemma |2. 11 Since M. is complemented in T, it is module 
amenable and since Ai is a commutative 2l-module, it has a bounded approxi- 
mate identity by [H Proposition 2.2], hence it should be zero. □ 
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3. Module Arens regularity 

For given Ti,^ 6 A**, by the Goldstein theorem there are nets (an)i and 
( a 2,j)j in A such that Ti = w* — lim, a\ t i and r 2 = w* — Urn, a 2 j. Then we 
consider the first Arens product on .4** as follows: 



riDr 2 = w* — limlimai :i a2 



* 3 



3' 



and similarly for any ^1,^2 € £>**, there exist nets and {b 2 j)j such that 

the first Arens product on B is defined as follows: 

*iD* 2 = w* - lim lim &i ib 2 ,j. 

* 3 



We extend the actions of A and B on M to actions of .4** and £>** on M* 



via 



rnn = w* — lim lim • Xk, 

i k 



and 



= w* — limlimrr/j • bj, 

k j 



where r = w* — lim^ ai, '5 = w* — lim 7 bj, and 11 = w* — lim^ Xk- We define the 



first Arens product on T** in a natural way. Let T\ = 
e T** so that Ti = w* - linij 
Then we have 



Ti ni 



,T 2 = 



Urn, 



r 2 n 2 

a 2 j x 2 ,j 

b 2;3 



ai,i xx.i 



and T 2 = w* - 



TiDT 2 



□ 



r 2 n 2 

*2 



= — limlim 

i 3 



w 



lim lim 

i 3 



"I./ I .< "2.. •'•j.j 

bi,ib 2 ,j 

r 1 nv 2 rinn 2 + niD*2 

*iD* 2 

Similarly, we consider the second Arens product on A**, B** and module 
actions A**, B** on M** as follows: 



and 



I"i o T 2 = w* — limlimai^o^j, *i o * 2 = w* — lim lim bi^b 2 j, 

3 i 3 i 



Ti o II = w* — limlim anXk, II o \&i = w* — limlimrrfc&i^, 

fc i ' j k 
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where Ti, T 2 G A**, *i, * 2 G B** and II G X**. Thus the second Arens product 
on T** can be defined via 

" r 2 n 2 

^ 2 



TioT 2 









o 



lim lim 

j » 

lim lim 

j i 



0-1 



X %0 



ri<>r 2 



r x on 2 + ni o* 2 

*1 * 2 



The concept of module Arens regularity for Banach algebras is defined in [22] • 
A Banach algebra .4 is module Arens regular as a Banach 2l-module if and only 
if riDr 2 - Ti oT 2 G Jjr/-, for every ri,r 2 G A** (see [22] Theorem 2.2] and [3, 
Theorem 3.3]). 

We say that the Banach algebras A and B act module regularly on AW if for 
each r G A**, * G £?** and II G A4** we have 



ran 



roneJi 1 , 



LTD* - no* g J 



M 



Recall that the Banach algebras A and B act regularly on A, £>-module M. if for 
every r G .A**, * G B** and n G M** we have rOII = Foil and IID* = n o * 
|13j . It follows from the above that A and B act module regularly on M. if and 
only if A/ J a and B/ Jb act regularly on Ai / Jm- Indeed, 



ran - Ton g j 



M 



ran- 



jjf = r<>n 



j 



.M 



(r + jy)D(n + = (r + j^) o (n + j^). 



Similarly, IID* - no* £ J^ 1 - if and only if (n + ,/£,)□(* + J^) 



(n + J^f 1 ) o (* + ■/g" L )- Similarly we can show that J-r 



Ja Jm 
Jb 



and 



thus 



Ja j 



M 
T-L 



'B 



C J^. It is shown in [BJ Lemma 3.1] that Ja and Jg are 
the closed subspace of A an B respectively. It is easy to check that Jm is also 

T-L. 



a closed subspace of AW. Hence J4, Jb and are weak*-dense in J^, 
and J M ^ 

weak*-dense in J^ 1 - ( 
closed subspace of A 



M respectively by [HI Theorem A. 3. 47 



T- 11 - — 
J T - 



J\ 



J 



M 



£1 M 

. Summing up 



Hence Ja ffi^ 1 >/m ©f 1 -^B is 
1 Jg On the other hand, Ja ®p Jm ffi^ 1 Jb is 



1 B and so it is weak*-dense in Jq=^- Therefore 



Theorem 3.1. Let A and B be Banach %-modules. The triangular Banach 
algebra 1~ is module Arens regular (as an H-bimodule) if and only if A and B 
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are module Arens regular (as Banach %-bimodules) and A and B act module 
regularly on M. 

4. (2n-1)-Weak Module Amenability 

We start this section with the definition of n-weak module amenability which 
is introduced in [6]. When A is a commutative 2l-bimodule, we have J = {0} 
and A is a commutative „4-2l-module. In this case, the following definition (for 
n = 1) coincides with the definition of weak module amenability in 0]. If A is a 
commutative Banach algebra and a commutative 2l-bimodule with compatible 
actions, then A is a bi-commutative „4-2t-module. In this case, for each bi- 
commutative Banach .4-21-module X, all bounded module derivation from A 
into X are zero (see the next lemma) and we get the definition of weak module 
amenability for commutative Banach algebras as in [4|. 

Definition 4.1. Let A be a Banach algebra, n G N. Then A is called n- 
weakly module amenable (as an 2l-module) if (A/J)^ n ' is a commutative ^4.-21- 
module, and each module derivation from D : A — > (A/J)^ is inner; that 



is, D(a) = a ■ y - y 



D y (a) for some y G (A/jy n > and each a G A. 



Also A is called weakly module amenable if it is 1-weakly module amenable and 
permanently weakly module amenable if it is n-weakly module amenable for each 
n S N. 

Lemma 4.1. Let A be a essential bi-commutative A-^i-module. Then A is 
weakly module amenable (as an ^.-module) if and only if for each bi-commutative 
Banach A-^l-module X , all bounded module derivation from A into X are zero. 

Proof. We follow the standard argument in [9j Theorem 2.8.63]. Assume that 
there exists D G Z^iA, X) with D ^ 0. Since A 2 — A, there exists oq G A such 
that D(al) ^ 0. We have a -D(a Q ) ^ and thus / G X* with f(a -D(a Q )) = 1. 
Set R : X — > A* defined by R(x)(a) — f(a ■ x) where a G A, x G X. It is easy 
to check that R o D G Z&{A,A*). We get (R o D(a ), a ) = (f,a ■ D(a )) = 1, 
and so R o D ^ 0. This shows that A is not weakly module amenable. The 
converse is clear. □ 

Let A, B and M. be as in the previous section. If these are commutative 
Banach 2l-modules, then the corresponding triangular Banach algebra T = 



A 



M 
B 



is a commutative %- module in which T :— 



a G 21 



Also T is isomorphic to A (Bp M. ®p B as a Banach T-module and a Banach 
S-module, respectively. Therefore T (2n_1) ~ A^ n ~^ ® t i M {2n - 1] ® e i B^ 11 ' 1 ^, 
while T (2n) ~ A {2n) ®^o= M {2n) ®£oo B( 2n 1 in which T (n) is Banach T-module 
and A^-^ ®p TW^ 2 ™" 1 ) ® e S^ 2 ™" 1 ), A {2n) ® la ° M {2n) fi (2n) are Banach 



2t-modules. Suppose that t = 



rn 
b 



G Tand 8 



f 



G T*. Then the 
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pairing of T* and T is given by 0(t) = /(a) + A(m) + 3(6). Indeed, it is easy to 
check that the module actions T on T* are as follows: 



t-e = 



a ■ f + m ■ X b ■ X 
b-g 



and • t = 



/ • a A • a 

X ■ m + g ■ b 



We remove the dot for simplicity. This process may be repeated to define the 
actions of T on T^ n > as follows: 



and 



a m 




" A 


1 




aX 


a"f + mfi 


b 












b\x 


- X 7 




a 


m 




Xa 


Am + 76 








b 






fib 


a m 




' 






a4> - 


- mip bip 


b 






i, 






bi/j 






a 


m 




<pa 


tpa 








b 






%j)b + ipm 



for every 



a m 
b 



A 7 
H 



G T (2n) and 



<j> ip 



g 7"(2n-l) < 



Henceforth, we assume that .A, £> and .M are commutative Banach 2l-modules 
and thus fy 2 ™- 1 ) and T'- 2 "-' become commutative Banach T-modules for any 

iieN. 

The following two lemmas are proved similar to Lemmas 1.1 and 1.2 in [18]. 



Lemma 4.2. The 1-module map D : T 



T (2 



is a module derivation 



if and only if there exist module derivations D A : A 
B( 2n -V and 7 G M^-V such that 



A 1 ' 2 



D B ■ B 



for every 



a m 
b 



a 


m 






b 


)- 



D A {a) — 7717 7a — 67 

D B (b) + 7771, 



(4.1) 



G T. 



Lemma 4.3. Let D A : A — > A {2n - 1] and D B : B — > B ( - 2n ~^ be bounded 
module derivations. Then D AB : T — > T' 2 " -1 -* defined via 



a 


m 






b 





D A {a) 



(4.2) 



D B (b) 

is a bounded module derivation. Furthermore, D AB *s inner if and only if D A 
and Dq are inner. 

Using Lemmas 14.21 and 14.31 and similar to [18, Theorem 2.1], we have the 
following result (see also [161 Theorem 2.1]) . 
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Theorem 4.1. Let A and B be unital Banach algebras, and M be a unital 
A, B-module. Then 



H\{T, T {2n - 1] ) ~ Hi(A, A {2n ~ 1] ) © Hi(B, B ( 



2n-l)N 



(4.3) 



In particular, the triangular Banach algebra T is (2n~\) -weakly module amenable 
(as an %-bimodule) if and only if A and B are (2n — \)-weakly module amenable 
(as Banach H-bimodules) . 



A Banach A, 6-module M is said to be non-degenerate if Am — {0} implies 
that to = 0, and mB — {0} implies that m = for every m G M. If the Banach 
algebras A and B have bounded approximate identity and A4 is essential, then 
M. is a non-degenerated A, £>-module. Also when M. is essential, then A4* is 
a non-degenerate Banach A, S-module. Although in the following Proposition 
A and B are not unital but still the conclusion of Lemma T4.2I holds. In fact we 
obtain the same result with different conditions. 



Proposition 4.2. Let A and B be Banach algebras, and M. be Banach A,B- 
module. Suppose that A possess a bounded approximate identity, ^( 2 ™ _1 ), ^( 2n_1 ) 
and MS ~ ' are non- degenerate. Then the %-module map 

is module derivation if and only if there exist module derivations : A — > 
A (2n-i) > d b :B — > gC 2 ™- 1 ) and 7 G A^ 2 "" 1 ' such that 



D 



a 


m 






b 


) = 



-Dyt( a ) — m 7 7« ~ ^7 

De(b) + jm 



(4.4) 



for every 



a to 
b 



G T. 



Proof. Let D : T 

A — > A {2n - 1] by D A (a 



fi^n 1) j-, e a continuous module derivation. Define Dj( 
" ° X ), and D B :B 



TT A (D 







g(2n-l) 



D B (b) = n B (D( 




b 



). Obviously these maps are 21- module maps, and are 



module derivations by [161 Lemma 2.3]. Let (e a ) a gA be a bounded approximate 



identity of A, and let D 



D A (o) 



V 
/' 



for an arbitrary and fixed 
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ae A. Then 

m ' ; 



= D 



lirtio, e a a 




= D[ lim 

V a 



a 




lim ( 

a \ 

DA{e a ) 7 



e Q 




D A (a) r] 
a " 







lim a D A (ae a ) 7a 




Similarly, consider b £ B such that D 



D A (a) j a 





b 



V 

D 13(b) 



(4.5) 



Since 



M.( 2n 1 ) and ,/4A 2ti 1 ^ are non-degenerate (see [16j Proposition 2.5]), we have 



D 



Also for every m G M. we have 



"00" 




' -67 


b 


)- 


£> B (6) 



m 




-m7 
7m 



(4.6) 



(4.7) 



Now, from (|4.5j) . (|4.6j) and (|4.7|) . we get (|4.4[) . and this completes the proof. 

□ 

Now we are ready to prove the main theorem of this section (see also the 
proof of QS Theorem 2.1]). 

Theorem 4.3. Let A and B both have bounded approximate identity, and let 
M be non-degenerate. Then for every n > 1 we have 



Furthermore, the corresponding triangular Banach algebra T 



(4.8) 



A M 
B 



(2n— l)-weakly module amenable (as an 1-bimodule) if and only if A and B are 
(2n — l)-weakly module amenable (as Banach %-bimodules) . 

Proof. Suppose that D : T — > Ja 2 "- 1 ) is a continuous module derivation. 
Proposition S21 shows that there are continuous module derivations D A : A — > 
^(2»-i) j D B :B — > B( 2n ~V and 7 e .A/^ 2 ™" 1 ) such that 



D 



a 


m 






b 


) = 



D A (a) — 7717 7a — 67 

D 13(b) + jm 



(4.9) 
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for every 



a m 
b 

H^(B,B^ n -^) by 



£ T. Define * : Z\ (T, r (2n_1) ) — > ^ (2n_1) ) 



*(£>) = (£U+^(.A,.A (2 



^-^Db+TV^B,^ 2 "- 1 ))). (4.10) 

Let's show that 'J is a linear map. If (e a ) is a bounded approximate identity 
for A, then for given A 6 C we have 

(Xa',D A (a)} = (lim Xa'e a , D A (a)} — lim{a' , Xe a D A (a)} 

a a 

= (lima'e a ,XD A (a)) = (a',XD A (a)} (a, a' e A) (4.11) 

a 

and similarly we have 

(Xb',D B (b)) = (b',XD B (b)) 



(b,b f e B). 

Now, by applying relations (14.111) and (|4. 12[) for every T\ = 
in T we get 



a\ mi 



(4.12) 
and 



a 2 m 2 
b 2 



T 2 = 
((AT 2 ),D(T 1 )) 



= D 



a\ mi 




Aa2 Arn 2 


5 i 


)( 


A6 2 



D^(ai 



Xa 2 Xm 2 
Xb 2 



m i7 7Q-1 — &i7 
D B (h) +7mi 

£U(ai)(Aa 2 ) - TOi7(Aa 2 ) + ai7(A6 2 ) 

6i7(Am 2 ) + D B {b){Xb 2 ) + my(Xb 2 ) 

XD A (ai){a 2 ) - Xm 1 y(a 2 ) + Aai7(6 2 ) 

Afei7(m 2 ) + XD B {b){b 2 ) + Am 7 (i) 2 ) 

AZ?.4(ai) — Ami7 A7ai — A&17 
XD B (b\) + Xymi 

= XD(Ti)(T 3 ). 

Thus *(AD) 

Di,d 2 e zi(r,r( 

Z4(A^ (2n_1) ) and L» B G Z^(B, £>( 2n_1) ). Then Lemma S3] implies that there 
exists a module derivation such that 

*{Dab) = (D A +Afl(A,A i2n - 1) ),D B +N-i(B,B( 2n -V)), 

and this indicates that ^ is surjective. If I? £ ker^, then VE'(-D) = and thus 
D A G N^(A,A( 2n -V) and L> B £ A/£(B,B (2n-1) ). Since D.4 and L> B are inner, 
Z)_4/3 is an inner module derivation by Lemma 14.31 Therefore we can write 



a 2 m 2 
b 2 
(4.13) 

A*(D). Obviously, *(£>i + L> 2 ) = *(L>i) + *(D 2 ) for all 
J " ^). Hence, ^ is a linear map. Now, assume that D A G 



D A (a) — 7717 7a — 67 

D b(6) + ym 



D A (a) 



D B (b) 



-my ya — 67 
7m 
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The above equality shows that D is inner. Thus, kerf C A/~(T, T (2 ™ _1) ). 
On the other hand, if D e A/"|(T, T (2n_1) ), then D A : A — > A {2n ^ defined 

by D A {a) = tt a (d( a ° Q )) and D B : B —> g^" 1 ) defined by D B (b) = 



TT B {D 




b 



are inner module derivations. Therefore ^(D) = 0, and so 



N^{T ,T (2n ~ 1] ) C kerf. Finally, we have 



U\{J, T (2n - 1] ) 



Z\{T, r (2n_1) )/ker* 

Imtf = Hi(A, A^ 1 ^) © Hl(B, B^ 2n -^). 



□ 



5. (2n)-Weak Module Amenability 

As it is seen in the previous section, (2n — l)-weak module amenability of a 
triangular Banach algebra T depends on (2n — l)-weak module amenability of 
Banach algebras A and B while this fails to be true in the even case in general. 
We need the following lemma which is analogous to [13, Proposition 3.9] in the 
module case. We include the proof. 

Lemma 5.1. Let D : T — > 7~( 2ti ) fo e a continuous module derivation. Then 
there exist 7 S A^ 2 ™-*, continuous module derivations D A : A — > A^ 2n \ D B : 
B — > B^ and a continuous ^[-module map p : M — > M {2n) such that 



(i) D 

(ii) d( 

(iii) D 







D A (a) 




a ■ 7 




—7 • b 
D B (b) 

m \ p(m) 
J ) = 

(iv) p{a ■ m) — D A (a) ■ m + a ■ p(m), 

(v) p(m ■ b) — p(m) ■ b + m ■ D B {b) 

(vi) If D A : A — > A (2n) and D B 



{a e A); 
(b e B); 

(m 6 M); 

(as A,m G M); 
(a e A, m £ M); 

B — > B^ 2n ^ are continuous module 



derivations and pm : Ai — > _A/(( 2 ™) is a continuous QL-module map that 
satisfies (iv) and (v). Then D : T — > T~ { - 2nS > defined by 

D A (a) AmC^) j fi a con n nuous module derivation. 
D B (b) 



m 
h 
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Proof. In the light of [13j Proposition 3.9], we just show that these maps are 
module maps. Let D be a T-module map. Then 



(a 2 ,a- D A (ai)) 



a 2 ■ a, D^ax)) = (a 2 ■ a, D A {a{)) + (0, Oi ■ 7) 



a 2 ■ a 



D A (ai) a\ ■ p 




a 2 



a 2 



«2 



a 2 





Q 



,D 



a 

Q 

a ■ a\ 



Oi 


" 









) 


Oi 


" 









) 



D^(aai) 



a. - a\ ■ p 




= (a 2 , • 01)) + (0, a • 01 • 7) = (a 2 , D A (a ■ Oi)), 

for all Oi, 02 S .4 and a e 21. This means that -D>t(a - a) — a ■ D A (a), for all 
a 6i and a G 21. Similarly we can show that D^(a-a) = -Dyi(a) - a and and 
p are 2t-module maps. Therefore the assertions (i)-(v) hold. For (vi), suppose 
that D A , D B and pm are 2l-module maps. We show that D is a T-module map. 



n- t a l 
Given 1 1 = 

have 

(T 2 ,T-D(Ti)) 



mi 
61 



,r 2 



«2 



m 2 
6 2 



(r 2 -T 5J D(Ti)) 
a 2 ■ a 



m 2 • a 
fo 2 ■ a 



G r and T 



D^(oi) 





a 



G 1, we 



(mi) 
D B (6i) 

(a 2 • a,D^(ai)) + (m 2 ■ a,p M {mi)) + (b 2 ■ a,D B (bi)) 
(a 2l D A (a ■ ai)) + (m 2 ,p M (a ■ mi)) + {b 2l D B {a ■ bi)) 



«2 



«2 



m 2 
62 
m 2 
62 



D^(a-ai) ^(a-mi) 
D B (a ■ h) 



"a " 




ai mi 


a 




6 i . 



) 

)> 



Therefore D(T ■ T x 
Thus, D is a X-module map 



(T 2 ,D(T-Ti)>. 

= T • D(Ti). Similarly we obtain D(T X ■ T) 



D(Ti 



T. 

□ 



The following sets which are used in this section are introduced in [13j. For 
each positive integer n, we define the centralizer of A in A^ 2n) by Z A {A [2n) ) = 



{x G A^ 



x ■ a 



a-xior all a e A} and similarly, Z B {B^) = {z G £ (2n) 
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z ■ b = b ■ z for all b G £>}. The elements of 
ZR^ A , B {MM (2n) ) = {Px,z ■ M -> M<™ : z G Z^'j.ze Z B (B^)} 

are called central Rosenblum operators on .M with coefficients in .M*- 2 ™- 1 in which 
Px,z(jn) = x ■ m — m ■ z is an 2l-module map. We also define the following set 

Homage (.M, M {2n ">) = {95 : Al -> X (2n) : (p(a-m) = a-tp(m), ip(m-b) = <p(m)-b, 
ip(a ■ m) = a ■ tp{m), (p(m ■ a) = ^p{m) ■ a, for all a G 2t, a E -4, m G .M, 6 G B}. 

The following theorem is analogous to Lemma 3.11 and Theorem 3.12 from 
[13] in a more general setting (part (iii) is a module version of [W\ Theorem 
3.2]). 

Theorem 5.1. Let A and B be unital Banach algebras and M. be a unital 
Banach A, B-module. Then we have 

(i) ZR^ B (M,M^) CHom^g^^H), 



(ii) IfttG Homj^ >e ( 



M 




M {2n) 




a m 


= q( 


' m ' 




' 


b 





)- 









then the map 

ezk(T, r (2n) ), 



where Q.m 6 Homage (Al, A^ 2 ™-*). Furthermore An is inner if and 
only if f2 is a central Rosenblum operator on M with coefficients in 

(iii) If A and B are (2n)-weakly module amenable as %-modules, then 

ff£(T,T^>)=i Horn w ( 





" Al ~ 




' M (2n) ' 




( 










) 



~ M~ 




' M (2n) ' 












) 



In the other words. 
H\{T,T (2n) ) ~ Koin %A , B (M,M {2n) )/ZR*, A , B (M,M {2n) )- 

Proof. For statements (i) and (ii) , we only need to show that A v is an T-module 
map. The rest of the proof is the same as |T3l Lemma 3.11]. For given T = 

am] [ a 

, G I and T = 
b a 

An(T-T) = An' ' 



G T, we have 





'a " 




a m 




a • a a ■ m 


( 


a 




b 


)-*>( 


a • b 



a • f2x(m) 


and similarly An(T • T) = A n (T) • T. 





Q 



f2jV[(m) 




= T-A Q (T), 
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For (iii), the proof is similar to [13, Theorem 3.12] but we give the proof for 
the sake of completeness. Consider 



~ M~ 




' M {2n) ' 












) 



Hl(T,T {2n) ) 



defined by t-> An, where An denotes the equivalence class of Aq in ifi(7~, T^ 2 "**). 
It follows from (ii) that 5 is an T-module map. Let D : T — > T (2n) be a mod- 
ule derivation. By Lemma \5 . 1 1 there are module derivations Dj± : A — > A^ 2n \ 
D B : B — > B^ 2n \ and a 2t-module map p : M — > J\AS 2n ^ and an element 
7 e such that 



D 



a m 




b 


)- 



Dj,(a) a ■ 7 - 7 • b + p(m) 
D B (b) 



(5.1) 



Since A and B both are (2n)-weakly module amenable, there exist x € A and 
y £ B such that -D^(a) = a ■ x — x ■ a = D x {a) and D&(b) — b ■ y — y ■ b = D y {b). 
Define D : T — > T (2n) as follows: 



a to 
b 



D x (a) a ■ 7 - 7 • b - p x , y {m) 

Dy(b) 



(5.2) 



x 7 

y 



It is easy to see that Dq is an inner T-module derivation induced by 

(note that in the proof of [T3J Theorem 3.12], there is a misprint). Set D\ = 
D - D . Thus Z>i = D. Then 



for all 
to 



a to 
b 



a to 
b 



£ T. Define D, 



Honii^ ;B ( 



p(m) + p x . y (m) 


p(m) + p x . y (m) 




" M ' 




' M {2n) ' 











)• 



(5.3) 

Clearly il belongs 



By (ii), we have $(£1) = Aq = D% = D. This means that ^ is surjective. 
Finally, we must show that ker£ = ZR AyB (M, A^ (2n) ). Let ft e ker£. Then 



a to 
b 



)-*( 



a to 
6 



/ a to \ 
V 6 J 



I , hence A^ is 



inner. Again by (ii), we have ft <E ZRj^^M., A4^ 2n ^), and (i) implies that 



n-WEAK MODULE AMENABILITY 



17 



ker £ = ZR A , B {M , M (2n) ) . Therefore 
i^(T,T (2n) ) ~ Hom 5 , AB 



M 




M {2n) 




ker $ 





( 


" M 




) 


" o M {2n) 



) 






M ' 



) 


M {2n) 



) 



□ 

The following result may be proved like Proposition 14.21 using a modification 
of Lemma 15.11 



Proposition 5.2. Let A or B has a bounded approximate identity, and let A^ 2n \ 
£?( 2 ™) and M^ 2n ^ be non-degenerate. Then the 1-module map D : T — > T^ 2n ^ 
is a module derivation if and only if there exist module derivations D A : A — > 
A^ 2nS> andDft : B — > B^ 2n \ and"Ql-module map p : M — > M^ 211 * 1 which satisfies 
conditions (iv) and (v) of Lemma \5.1\ such that 



D 



a 


m 






b 


) = 



in which 7 £ J\4^ 2n ^ and 



a m 
b 



D A (a) a ■ 7 - 7 • b + p(m) 
D B (b) 

£ r. 



(5.4) 



Proof. We argue similar to the proof of Proposition 14.21 Let D : T — > 7~( 2n ) 
be a continuous module derivation. Define D A : A — > A^ 2n ^ by D A (a) = 



7M 



k 

( 



a 




), and D B : B — > B^ by D B (b) = tt b (d( \ ))■ 

Obviously these maps are 2l-module maps, and by [TBJ Lemma 2.3], they are 
module derivations. Let (e a ) Q£ A be a bounded approximate identity of A, and 



let D 



D 



'a " 


)- 


D A (a) T] 










for all a £ A. Then 



a 




D 
lim 



lim Q ae c 



= D[ lim 



a 




a 


D A (a) ?] 

lim Q L»^(ae a ) a-j 




D A (e a ) 7 



D A (a) a -7 




(5.5) 
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' " 




' 9 11 


b 


) = 


D B {b) _ 



Let b G B and £>( 
non-degenerate (see [IBJ Theorem 3.2]), we have 



Since M {2n) and A {2n) 



are 



D 



"00" 




' -7 • b ' 


b 


)- 


D B (b) 



For me suppose that D ( 
3.2], 6 = fi = 0. Now, we define p : M 





m 




" 6 


V 


( 





)- 







(5.6) 

, then by [TBI Theorem 



by p(m)=7r A( (X)( ° ™ )). 



It is clear that p is an 2l-module map. Therefore it suffices to show that p sat- 
isfies in conditions (iv) and (v) of Lemma 15.11 We check these conditions as 
follows: 



p(a ■ m) 



km 



a-m 




' a " 




m 














)) 





'a " 




' r) ' 




( 










+ 



D A (a) a ■ 7 




m 




□ 



= a ■ r\ + D A (a) ■ m — a ■ p{m) + D A (a) ■ m 

and similarly we have p(m ■ b) — p(m) ■ b + m ■ D B (b). 

We can now rephrase part (iii) of Theorem 15. II as follows. 

Theorem 5.3. Let A or B has a bounded approximate identity, and let A^ 2n \ 
B^ andM^ 2n) be non- degenerate. If A and B are (2n)-weakly module amenable 
as ^-modules, then 

H^T,T {2n) ) ~ Rom^ B (M,M^)/ZR^ B (M,M^). (5.7) 

Proof. Appling Proposition 15 .21 the argument of Theorem 15.11 can be repeated 
to obtain the result. □ 

Corollary 5.3.1. Let A has a bounded approximate identity, and A^ 2n ^ be non- 
degenerate. If A is (2n)-weakly module amenable (as an %-module), then T = 
A A 1 

is (2n) -weakly module amenable (as an 1-module). 

Proof. Let (e a ) be a bounded approximate identity of A, and let (p in Homa^^ 
{A,A {2n) ). Then there exists E G A (2n) and a subnet {<p(ep)} of {<p(ep)} such 

that <p(ep) — > E. We have 

<p(a) = w* 



lim^e^a) = w* 



lim e/3ip(a) = Ea. 



Similarly, tp(a) = aE. This shows that ip G ZR %AtA (A, A {2n) ) and H\(T, T {2n) ) 
= {0} by Theorem [Ol □ 
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6. Examples 

In this section, by using the results of the previous sections we show that 

r g l (s) ^(s) 

under which conditions the Banach algebra To = 



is perma- 



nently weakly module amenable and module Arens regular where S is an inverse 
semigroup. 

Definition 6.1. A discrete semigroup S is called an inverse semigroup if for 
each s E S there is a unique element s* £ S such that ss*s = s and s*ss* = s* . 
An element e E S is called an idempotent if e = e* = e 2 . The set of idempotents 
of S is denoted by E. 

Let S be an inverse semigroup with the set of idempotents E. By |14[ Theorem 
V.1.2] E is a commutative subsemigroup of S and a semilattice, ^(E) could be 
regarded as a commutative subalgebra of ^(S), and therefore ^(S) is a Banach 
algebra and a Banach € 1 (i5)-module with compatible actions pQ. 

Let k E N. Recall that E satisfies condition [TT] if given /i,/2, fk+i E E 
there exist e££ and i,j such that 

1 < i < j < k + 1, = U, fje = fj. 

Duncan and Namioka in [111 Theorem 16] proved that for any inverse semi- 
group S, (- 1 {S) has a bounded approximate identity if and only if E satisfies 
condition Dk for some k. 

Let S be a commutative inverse semigroup with the set of idempotents E. 
Consider f 1 (5 l ) as an € 1 (i^)-module with the following action: 

S e ■ S s — S s ■ S e — S s * S e — S se , (s E S,e E E). (6.1) 

Theorem 6.1. Let n £ N and let S be a commutative inverse semigroup with 
the set of idempotents E. Then ^(S) is n-weakly module amenable as an ^(E)- 
module with the actions (6.1). 

Proof. For any semigroup S, group algebra £ (S) is commutative if and only if S 
is commutative. Since ^(S) is a bi-commutative Banach i 1 (S)-i 1 (E)-module, so 
is £ l (S)^. By |U Theorem 3.1], £ l (S) is weakly module amenable as an ^(E)- 
module. The semigroup algebra ^{S) is essential, in fact ^(S) = £ 1 {S)-ki 1 (E) C 
£ 1 (S)*£ 1 (S) C g^S) (see the proof of Theorem 3.15]). Now, it follows from 
Lemma T4. II that every module derivation from ^ 1 (5 I ) into f 1 (5')^ l - ) is zero. This 
shows that £ 1 (S) is n-weakly module amenable. □ 

r £}(S) fits) 

In [18], the authors proved that the Banach algebra To — tiroi 
is weak To-module amenable in which Tq | a ^ | a £ £ 1 (B)|, where S 
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is a unital commutative inverse semigroup. The condition of being unital for S 
is rather strong and it can be replaced by the weaker condition that E satisfies 
condition Dk for some k. 

Example 1. Let S be a commutative inverse semigroup such that E satisfies 
condition Dk for some k. By Theorem 14.31 we have 

where To is a Banach To _m odule. Since ^ 1 (<S I ) is n- weakly module amenable 
(Theorem 16. ip . To is (2n+ l)-weakly module amenable (as To-module) again by 
Theorem l4.3l On the other hand, ^(S) possess a bounded approximate identity 
and thus To is (2n)-weakly module amenable by Corollary 15.3.11 Therefore To 
is permanently weakly module amenable. 

Here, for technical reasons, we let ^(E) act on £ 1 (S) by multiplication from 
right and trivially from left, that is 

8 e ■ 8 S = 8 S , 5 S ■ S e = S se = 5 s *5 e (s e S, e £ E). 

In this case, the ideal J (see section 2) is the closed linear span of {S se t — 
8 st s,t £ S,e £ E}. We consider an equivalence relation on S as follows: 

seat S s - 8 t £ J (s,t £ S). 

For an inverse semigroup S 1 , the quotient S/~ is a discrete group (see [2] and 
[19]). Indeed, S/~ is homomorphic to the maximal group homomorphic image 
Gs [12] of S [20]. In particular, S is amenable if and only if Gs is amenable 

mud. 

Example 2. The Banach algebra To is module Arens regular (as an Banach To- 
module) if and only if ^ 1 (5 I ) is module Arens regular as an ^ 1 (i?)-module with 
trivial left action and canonical right action by Theorem 13.11 Now it follows 
from [22] Theorem 3.3] that To is module Arens regular if and only if is Gs is 
finite. 
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